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Fitness Model

Network Science: Evolving Network Models 



SF model:       k(t)~t ½      (first mover advantage)

Fitness model:     fitness  (η )    k(η,t)~tβ(η) 

      

        β(η) =η/C    

Fitness Model:  Can Latecomers Make It?  

time

D
eg

re
e 

(k
) 

Bianconi & Barabási, Physical Review Letters 2001; Europhys. Lett. 2001. 



Section 5.3     



Absence of growth and preferential 
attachment

Section 6     



growth                    preferential attachment

Π(ki) : uniform

MODEL  A
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growth                  preferential attachment

pk : power law (initially)  

      Gaussian  Fully Connected 

MODEL  B
 



Do we need both growth and preferential 
attachment?

YEP
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P(k)  ~ k-γ

Regular 
network
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Watts-
Strogatz

klog
Nloglrand ≈

klog
Nloglrand ≈

N
k

pCrand ==

P(k)=δ(k-kd)

Exponential
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P(k)  ~ k-γ

EMPIRICAL DATA FOR REAL NETWORKS
 Pathlenght Clustering Degree Distr.
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The origins of preferential attachment

Section 9     



Section 9     Link selection model 

Link selection model -- perhaps the simplest example of a local or 
random mechanism capable of generating preferential attachment. 

Growth: at each time step we add a new node to the network.

Link selection: we select a link at random and connect the new node to 
one of nodes at the two ends of the selected link.

 To show that this simple mechanism generates linear preferential 
attachment, we write the probability  that the node 
at the end of a randomly chosen link has degree k as



Section 9     Originators of preferential attachments





1. Copying mechanism
 directed network

select a node and an edge of this node
attach to the endpoint of this edge
 

2. Walking on a network
 directed network
 the new node connects to a node, then to every
 first, second, … neighbor of this node
 

3. Attaching to edges
select an edge
attach to both endpoints of this edge
  

4. Node duplication
 duplicate a node with all its edges
 randomly prune edges of new node
 

MECHANISMS RESPONSIBLE FOR PREFERENTIAL ATTACHMENT
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Section 9     Copying model 

(a) Random Connection: with probability p the new 
node links to u.
(b) Copying: with probability p we randomly choose an 
outgoing link of node u and connect the new node to 
the selected link's target. Hence the new node “copies” 
one of the links of an earlier node

 (a) the probability of selecting a node is 1/N. 
 (b) is equivalent with selecting a node linked to a 
randomly selected link. The probability of selecting a 
degree-k node through the copying process of step (b) 
is k/2L for undirected networks. 
The likelihood that the new node will connect to a 
degree-k node follows preferential attachment

Social networks: Copy your friend’s friends.
Citation Networks: Copy references from papers we 
read.
Protein interaction networks: gene duplication, 



Preferential Attachment!

k vs. ∆k : linear increase in the # of links

Eisenberg E, Levanon EY, Phys. Rev. Lett. 2003.

S. Cerevisiae PIN:   proteins classified into 4 age groups
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• Nr. of nodes:

• Nr. of links:

•Average degree:

•Degree dynamics

•Degree distribution:

•Average Path Length:

•Clustering Coefficient:

 
The network grows,  but the degree distribution is stationary.

β: dynamical exponent

γ: degree exponent
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SUMMARY: PROPERTIES OF THE BA MODEL
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γ=1 γ=2 γ=3
<k2> diverges <k2> finite

γw
in γw
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γintern
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γcollab
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γcita

γsynonyms

γsex

BA model

Can we change the degree exponent?

DEGREE EXPONENTS
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Section 9     Optimization model for connecting new  router

hj denotes the distance of node j to the 
central node h0
djj denotes the bandwidth between nodes i, j
δ  denotes the ratio of cost of cable to delay 
Question: where to place a new router ?



Section 9     Optimization model

Star Network



Section 9     Optimization model

Scale-Free Network



Section 9     Optimization model

Exponential Networks 



Diameter and clustering coefficient

Section 10     



Section 10     Diameter 

Bollobas, Riordan, 2002



Section 10     Clustering coefficient 

What is the functional form of C(N)?

Reminder: for a random graph we have:

Konstantin Klemm, Victor M. Eguiluz,
Growing scale-free networks with small-world behavior,
Phys. Rev. E 65, 057102 (2002), cond-mat/0107607
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Denote the probability to have a link between node i and j with  P(i,j)
The probability that three nodes i,j,l form a triangle is P(i,j)P(i,l)P(j,l)

The expected number of triangles in which a node l with degree kl participates is thus:

We need to calculate P(i,j).

Network Science: Evolving Network Models 

CLUSTERING COEFFICIENT OF THE BA MODEL
 

(∆)

Nr(∆)



Calculate P(i,j).

Node j arrives at time tj=j and the probability that it 
will link to node i with degree ki already in the 
network is determined by preferential attachment:

Where we used that the arrival time of node 
j is tj=j and the arrival time of node is ti=i

Let us approximate:Which is the degree of node l
at current time, at time t=N

There is a factor of two difference... Where does it come from? Network Science: Evolving Network Models 

CLUSTERING COEFFICIENT OF THE BA MODEL
 

(∆) =
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